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ABSTRACT: We present a full analytical treatment of signal fun-
ctions in time-domain NMR of entangled polymer melts. Our
approach is based on the segmental orientation autocorrelation
function for entangled chains previously determined experimen-
tally via field cycling NMR, on the one hand, and via analyzing the
initial rise of normalized double-quantum buildup curves, on the
other hand, which yield consistent data over about 10 decades in
time based on time-temperature superposition. The correlation
function is similar to but deviates in a few aspects from the predic-
tions of the tube model. We use the Anderson-Weiss approxima-
tion to derive formulas for different signal functions for simple
transverse relaxation experiments and specifically for the signal
functions from multiple-quantum NMR. We demonstrate that our
treatment is, for moderate NMR evolution times, in good agree-
ment with protonNMRdata of entangled poly(butadiene) samples
over large temperature and molecular weight ranges. Our results represent a showcase for the applicability of the Anderson-Weiss
approximation for the calculation of transverse relaxation phenomena of entangled polymers. Open questions concern the exact
form of the autocorrelation function at very short times, where it reflects the local (glassy) dynamics.

I. INTRODUCTION

Since de Gennes presented the reptation model almost 40
years ago,1 the experimental study of polymer dynamics and its
theoretical understanding has been an active focus of polymer
physics. The reptation model describes the motion of an
entangled polymer chain through a net of immobile obstacles
representing the other polymer chains, creating a “tube” which
the chain is confined to. A combination with the Rouse theory for
unentangled chains2 resulted in what is today referred to as the
tube model of polymer dynamics.3 This model describes en-
tangledmelt rheology qualitatively well, yet the improvements—
or the necessity for an entirely new theoretical approach—
needed to achieve a truly quantitative understanding are a matter
of active debate.4 While the melt rheology, ideally in the form of
mechanical spectroscopy, stands at the very heart of any serious
endeavor to understand polymer melt properties,5 the under-
standing of the data requires the use of theoretical models. In
turn, actual, critical tests of model ingredients are the domain of
molecular techniques, where dielectric spectroscopy6 and scat-
tering techniques7 stand out in that they have entered the realm
of textbook knowledge.8

NMR, while offering a rich toolbox of multiple techniques to
study polymer structure and dynamics,9,10 is not yet on par with
its competitors as to its reception in the polymer physics
community, mainly owing to its utter complexity. We here hope
to improve on this aspect, stressing the use of a simple segmental
orientation autocorrelation function (OACF) as a descriptor of

polymer dynamics

CðtÞ ¼ ÆP2ðcos θðtÞÞP2ðcos θð0ÞÞæ ð1Þ
This function provides a sufficiently accurate description in many
seemingly complex circumstances once fast local dynamics is
uniaxially symmetric, which is the case for any polymer already
on the level of conformational jumps within individual segments
at temperatures that are sufficiently far above Tg. On the one
hand, correlation functions such as C(t) can be easily treated
theoretically or deduced from computer simulations.11,12 On the
other hand, C(t) can be obtained fromNMR13-17 and/or can be
used to compute the NMR response of a mobile polymer, which
is the subject of this work. Finally, as also discussed in our
preceding paper,17 it directly reflects rheological properties, as it
describes local conformational order related to entropic elasti-
city. It is no coincidence that the C(t) for an entangled melt
sketched in Figure 1 resembles the behavior of the stress
relaxation modulus.

It is well-known that NMR provides a vast number of
experimental techniques to study polymer dynamics. We here
focus on time-domain techniques based on coherent spin evolu-
tion and transverse relaxation phenomena under multiple di-
pole-dipole couplings, as found in simple proton NMR;
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however, we emphasize that the formalism is equally applicable
for quadrupolar 2H NMR. For entangled polymer melts far
aboveTg, suchNMR techniques make use of residual anisotropic
spin interactions which arise from anisotropic segmental fluctua-
tions due to the existence of topological constraints, and C(t)
quantitatively reflects the time-averaged degree of this aniso-
tropy up to the given time. While simple T2 relaxometry is
undoubtedly the most popular representative of this class of
techniques, we concentrate on proton multiple quantum (MQ)
NMR, which has evolved as a powerful tool with a number of
advantages.18

Our starting point is the C(t) for an entangled melt shown in
Figure 1, whichwas experimentally determined via a combination of
field-cycling T1 relaxometry

13 and proton MQ NMR,14,16,17 both
relying on time-temperature superposition to obtain data over
about 10 decades in time and the latter having been used only
approximately in the short-time initial-rise regime. We refer the
reader to these previous publications concerning the interpretation
of C(t) with regards to the (limited) applicability of the tube model
and the conclusions thereof.

We follow closely the important work of Ball, Callaghan, and
Samulski (BCS), who have used the same theoretical framework,
namely a second-moment (Anderson-Weiss, AW) approxima-
tion,19 to calculate the Hahn echo decay and the so-called β echo
for elastomers20 and entangled melts.21,22 Their method, being
quite analogous to MQ NMR in certain respects, as well as their
underlying model for C(t) had a few shortcomings, which we
here remedy, arriving at predictions for the different time-domain
signals, which fit MQ and T2 NMR data very well over a large
temperature and molecular-weight range, subject to the limita-
tion that second-moment approximations cannot describe data at
long evolution times. On the basis of the full analytical treatment,
we critically discuss the applicability limits of the initial-rise
analysis of MQ data that was the basis of previous work.14-17

We end with an overview and a critical discussion of earlier NMR
work on polymer melts and elastomers.

II. METHODOLOGICAL AND THEORETICAL
BACKGROUND

The proton MQ NMR experiment referred to in this work is
addressed in much detail in ref 18. It basically consists of an
excitation period (τexc) and a reconversion period (τrec) during
which a specific pulse sequence is applied23 and simple intensity
detection after a 90� pulse. The durations of the first two periods are
equal τexc = τrec= τDQ. During the pulse sequence, the spin system
evolves under a pure double-quantum (DQ) Hamiltonian

H
_
DQ ¼ -

aðψÞ
2

X
i < j

Dij
effP2ðcos βÞð̂I iþ Îjþ þ Îi- Î

j
-Þ ð2Þ

where P2(x) is the second Legendre polynomial, Îþ,- are spin
operators, and a(ψ)e 1.0 is a scaling factor taking into account
finite-pulse effects; it is always absorbed into and thus used to correct
the effective time argument τDQ. Equation 2 represents an approx-
imation in that only spin pairs {i, j} within a statistical segment are
considered.Deff

ij are thus effective dipole-dipole coupling constants
that arise from a preaveraging by fast intrasegmental motions. The
corresponding dipole-dipole coupling tensors are in this limit
collinear; thus, β can be taken as the angle between the polymer
backbone and the external (static) magnetic field B0. This approx-
imative viewwill of course break down at temperatures belowwhich
intrasegmentalmotions are not fast as compared to the inverse static
line width, i.e., in regime 0 or slightly beyond.

The sequence excites all even quantum orders, and using
appropriate phase cycling, the pulse sequence produces either a
buildup signal dominated byDQ coherences (IDQ) or a reference
(Iref), fromwhich a fully dipolar-refocused sum signal (IΣMQ) can
be constructed:

IDQ ¼ Æsin φ1 sin φ2æ = sinhÆφ1φ2æe-Æφ1
2æ ð3Þ

Iref ¼ Æcos φ1 cos φ2æ = coshÆφ1φ2æe-Æφ12æ ð4Þ

IΣMQ ¼ Æsin φ1sin φ2æþ Æcos φ1 cos φ2æ = eÆφ1φ2æe-Æφ12æ

ð5Þ
The brackets here denote an ensemble average, and the phases φi
are obtained as

φiðta, tbÞ ¼ Deff

Z tb

ta

P2ðcos βtÞ dt ð6Þ

where the interval tb- ta = τDQ, and the index i = 1, 2 denotes the
excitation or reconversion period, respectively. In deriving the
above relations, we closely follow BCS21 and our previous work
on theMQNMR study of chain dynamics in elastomers.24 The β
echo of BCS is formally equivalent to the DQ buildup function,
eq 3, and a discussion of differences due to the actual pulse
sequence implementation is given in the preceding paper.17 For
completeness, we also include the expression for a Hahn echo of
total duration τecho

Iecho ¼ cos
3
2
φecho

� �
= e-ð9=8ÞÆφecho2æ ð7Þ

where φecho = φ(0,τecho). The additional factor of 3/2 marks the
only formal difference between free homonuclear dipolar evolu-
tion and evolution under a DQ Hamiltonian, eq 2.

Figure 1. Schematic segmental orientation autocorrelation function for
an entangled polymer melt, as obtained from experiments on poly-
(butadiene). In previous work,13,14,16,17 it was shown that this function is
in principle compatible with the Doi-Edwards regimes 0-IV of the
tube model (regime 0 representing glassy dynamics); however, the
regime I and regime II power-law exponents deviate from the predic-
tions of -1 and -1/4, respectively. Regime transitions occur at the
segmental (τs), entanglement (τe), Rouse (τR), and disentanglement
(τd) times.
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The approximative solutions given in eqs 3-5 and 7 are based on
the second-moment (AW) approximation,19 which takes its main
justification from the quasi-Gaussian frequency distribution in a
powder sample. We stress that the above treatment is essentially a
single-interaction (spin-pair) treatment, yet by virtue of the second-
moment approximation,Deff∼M2eff

1/2 takes the role of an effective
quantity related to the dipolar second moment, which effectively
represents the action of multiple dipole-dipole couplings. It must,
however, be stressed that the approximation cannot be expected to
properly describe the long-time behavior, as becomes immediately
apparent by comparing single-interaction signal functions and the
corresponding second-moment approximations (see Figures 5 and
6 of ref 18). In the static limit, about 80% of the initial intensity
buildup (or decay) is well represented. Second-moment approx-
imations usually fit an even larger data range in multiply coupled 1H
systems, yet the limit is rather strict when applied for instance to 2H
quadrupolar NMR.

An actual test of the validity range of the AWapproximation, based
exclusively on experimental data, is provided by the simple identity

IechoðτÞ ¼ ½IΣMQ ðτÞðIΣMQ ðτÞ- 2IDQ ðτÞÞ�9=16 ð8Þ
which is easily proven by combining eqs 3, 5, and 7, identifying τwith
either τDQor τecho. This relationwas previously tested on the example
of signal functions of elastomers.24

Continuing with the AW expressions, the ensemble and time
average is now to be taken over products of the individual phases,
which is a rather straightforward exercise,21,25 resulting in simple
time integrals over the OACF, eq 1, namely

Æφð0, τÞ2æ ¼ 4
9
M2eff � 2

Z τ

0

ðτ- t0ÞCðt0Þ dt0 ð9Þ

and

Æφð0, τÞφðτ, 2τÞæ ¼ 4
9
M2eff ½

Z τ

0

t0Cðt0Þ dt0

þ
Z 2τ

τ

ð2τ- t0ÞCðt0Þ dt0� ð10Þ

where φ(0,τ)� φ1 or φecho and φ(τ,2τ)� φ2 as used above. We
use a normalized OACF, C(t=0) = 1, and the common definition
of the second moment, M2eff = (9/20)Deff

2, requiring the 4/9
correction factor due to the dipolar phase φ(0,τ) representing evolu-
tion under a DQ pulse reference rather than free dipolar evolution.

III. RESULTS AND DISCUSSION

This section is organized as follows.We first present our ansatz
for C(t), which is based on purely experimental findings on linear
polymers over a large molecular-weight (M) range, and calculate
the NMR signal functions. Second, within the given theoretical
framework, we address the validity and perspectives for the
initial-rise approximation used in the analysis of MQ data to
obtain C(t) by time-temperature superposition.14-17 Third, we
compare the theoretical signal functions with data from MQ and
Hahn echo experiments, and finally, we comment on previous
related NMR approaches. Experimental details on the MQ data
discussed herein, taken on a low-field instrument, can be taken from
refs 16 and 17. Hahn echo data were acquired under the same
experimental conditions for the same samples using a simple time-
incremented 90x-(τ/2)-180(x-(τ/2)-acquire pulse sequence.

3.1. Experimental OACF and Theoretical Signal Functions.
A schematic correlation function, based on previous work of R€ossler
and co-workers by field-cyclingT1 relaxatometry

13 and of us byMQ
NMR,16,17 is shown in Figure 1. See the latter references for an in-
depth discussion of the scaling exponents and regime transition
times, which areM-independent below andM-dependent above the
entanglement time τe. In Figure 2, OACFs for three specific M of
nearly monodisperse poly(butadiene) samples (PB) are shown
along with experimental data.
We here seek an approximate analytical representation ofC(t),

based on the dynamic regimes of the tube/reptationmodel. Note
that theM-dependence of the regime II scaling exponent ε is not
compatible with the latter model, so our regime classification
should not be taken as a statement in full support of this model.
The form of C(t) that is compatible with the data, constructed in
a piecewise fashion as connected power laws for regimes I-III
and using the analytical result for regimes III and IV of BCS,
reads

regime 0: t < τs

C0 ¼ A0 þ Be-b t=τs þ Ce-c t=τs ð11Þ

regime I: τs < t < τe

CI ¼ f
τs
t

� �0:85

ð12Þ

regime II: τe < t < τR

CII ¼ f
τs
τe

� �0:85 τe
t

� �ε

ð13Þ

regimes III and IV: τR < t

CIII, IV ¼ f
τs
τe

� �0:85 τe
τR

� �ε τR
t

� �0:5 X
p odd

8
p2π2

e-p2t=τd ð14Þ

where f = A0þ Be-bþ Ce-c. The regime transition times τx are
defined in the caption of Figure 1. While the perfect comple-
mentarity of the combined field-cycling and MQ NMR data was
already discussed in ref 16, we here note that for a truly
quantitative match we had to scale down the MQ NMR data
by a factor of 0.7 (see the inset in Figure 2). This indicates the
shortcomings of our crude model for the absolute-value deter-
mination of C(t), discussed in ref 17. The correction is almost
equal to the factor of 0.75 observed upon isotopic dilution of a
protonated homopolymer in 75% of its deuterated analogue,16

suggesting that interchain dipole-dipole couplings may be the
origin of the problem. Simply, our model for the reference
coupling of a statistical segment Dstat/k needed to set the
absolute value of C(t) (see also ref 26) is based upon an isolated
chain segment and does not take interchain couplings into
account, while the latter of course contribute to the experimental
data to some degree in both cases. Note that the “switching off” of
interchain couplings by isotopic dilution did not lead to percep-
tible changes in the shape of C(t) in regimes II-IV, yet changes
in regimes 0 and I would not be unexpected,27 providing a
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possible explanation for the-0.85 power law in regime I, where
the Rouse-model prediction is-1. Herrmann et al. have ascribed
their own observation to the limited number of Rouse modes in a
finite and necessarily coarse-grained chain segment.13

The part describing regime 0 (glassy dynamics) requires a few
additional comments. We attempted to fit the experimental data
of Herrmann et al.13 with as little as possible parameters, and the
double exponential provided a sufficiently accurate representa-
tion of the data, with the parameters A0 = 0.0946, B = 0.457, b =
8.6, C = 0.449, and c = 1.45. The numerical values are henceforth
absorbed into the equations below. Note that using a constant
factor f= A0 þ Be-b þ Ce-c for regimes I-IV means that we
neglect further correlation loss due to subsegmental dynamics in
these regimes. Either A0 or fmay be taken to represent apparent
plateau values describing the residual orientation correlations
within a Kuhn segment, ∼C(τs). The corresponding intraseg-
mental “order parameter” S ≈ (C(τs))

1/2 thus ranges between
around 0.3 and 0.45. The influence of glassy dynamics on C(t), or
more generally on T1 dispersion NMR data, has been the subject of

papers of R€ossler and co-workers.28-30 Claiming a separability of
subsegmental dynamics and chain modes on the basis of an
additivity assumption in the “susceptibility representation” ω/
T1(ω), they arrived at an equivalent order parameter. A clean
separation would strictly require a short-time plateau value in C(t),
which is not visible in the C(t) data obtained from ω/T1(ω) by
Fourier transformation. However, the good agreement between the
apparent value range given above and the higher-M value of from the
latter approach, S ≈ 0.35,30 appears to support the concept.
Another potential problem in regime 0, also related to the

simple calculation of C(t) by Fourier transformation of ω/
T1(ω), is that the latter more precisely depends on the spectral
densities j1(ω) and j2(2ω), which are Fourier transformations of
the autocorrelation functions of second-degree spherical harmo-
nics or order 1 and 2, respectively. These reduce to the OACF of
the second Legendre polynomial (order 0) only for uniaxially
symmetric dynamics, which is not necessarily the case for the
subsegmental R process at short times. Further, the ω and 2ω
dependencies were equated, which is a small error on logarithmic
scales, yet may lead to additional systematic errors in our
representation of regime 0 dynamics.
In order to use eqs 3-5 and 7 to obtain signal functions,

the remaining task is to evaluate the phase correlations via
inserting the OACF defined in eqs 11-14 into eqs 9 and
10. This is straightforward for the evaluation of eq 9, which falls
into four separate integrals at most, depending on the final time
value τ:

τ < τs:

Æφð0, τÞ2æ0 ¼ 8
9
M2eff ½0:0407τ2 þ ð0:266τ- 0:184τsÞτs

þ ð0:0457τ- 0:00531τsÞτs� þ 8
9
M2eff ð0:00531e-8:6τ=τs

þ 0:184e-1:45τ=τsÞτs2 ð15Þ

Figure 2. Segmental OACF for three differentmolecular weights of PB based on parameters listed inTable 1, including experimental data for the 87 kDa
sample from field-cycling relaxometry13 andMQNMR.16,17 To experimentally reach the reptation regime (∼t-1/2) on the time scale of MQNMR (∼1
ms) for the highest molecular weight, the measurements would have to be done at around 4000 K. The blow-up in the inset emphasizes the slight
mismatch between the initial field-cycling and MQ NMR results.

Table 1. Experimentally Determined Parameters of C(t) for
PB from Refs 16 and 17 and Values of Deff/2π from Simul-
taneous Fits of IDQ and IΣMQ for the Data Sets Shown in
Figure 4a

Mw [kDa] ε log(τR/τe) log(τd/τe) T [K] Deff/2π [kHz]

35 0.43 1.9 4.1 273 17( 0.5

343 16.5( 0.5

87 0.36 2.9 5.1 273 16.5 ( 0.5

353 17.5( 0.5

441 0.31 4.1* 7.5* 273 16.0( 2.5

353 16.0( 2.5

2000 0.29 5.4* 9.7* 273 15( 3

363 14( 3
aThe values denoted with asterisks (*) were not experimentally acces-
sible and were thus extrapolated using the known power law for theirM
dependence (see Figure 8a of ref 17).



1564 dx.doi.org/10.1021/ma102571u |Macromolecules 2011, 44, 1560–1569

Macromolecules ARTICLE

τs < τ < τe:

Æφð0, τÞ2æI ¼
4
9
M2eff ð0:662τ- 0:248τsÞτs

þ 4
9
M2eff ð1:995τ1:15τs0:85 - 2:295ττs þ 0:299τs

2Þ ð16Þ

τe < τ < τR:

Æφð0, τÞ2æII ¼

4
9
M2eff 0:344ðτ2τeε þ τε þ 1τeðε- 2Þ þ ð1- εÞτετe2ÞÞτs0:85

τεðε- 2Þðε- 1Þτee0:85

þ 4
9
M2eff ½ð0:662τ- 0:248τsÞτs þ 2:295τðτe0:15τs0:85 - τsÞ

þ 0:299ðτs2 - τe
1:15τs

0:85Þ� ð17Þ

τR < τ:

Æφð0, τÞ2æIII, IV ¼ 4
9
M2eff � 0:344

τs0:85

τe0:85
τe2 - τeετR2 - ε

2- ε

 

þ ττR-εðτeτRε - τeετRÞ
ε- 1

�
þ 4
9
M2eff ½ð0:662τ- 0:248τsÞτe

þ 2:295τðτe0:15τs0:85 - τsÞ þ 0:299ðτs2 - τe
1:15τs

0:85Þ�

þ
X
p odd

4
9
M2eff � 1:377

τe
τR

� �ε ffiffiffiffiffiffiffiffiffiffiffi
τRτd3

p τs
τe

� �0:85

p5π2

�f2ðe-xτ ffiffiffiffiffi
xτ

p
- e-xτR

ffiffiffiffiffiffiffi
xτR

p Þþ ffiffiffi
π

p ð1- 2xτÞðerf ½ ffiffiffiffiffiffiffixτR
p �

- erf ½ ffiffiffiffiffixτp �Þg ð18Þ
with x � p2/τd and erf(y) =

R
-¥
y e-q2 dq. The above piecewise

Æφ(0,τ)2æ can be immediately used to calculate the Hahn echo
decay, eq 7. For the MQ signal functions, one needs to further
evaluate eq 10, where the appearance of the 2τ term means that
there are additional regime crossovers which have to be considered
upon integration.We refrain from reporting the lengthy results and
recommend the use of computer algebra software for handling such
calculations. We restrict ourselves to just giving an illustrative
example for the calculation details in the interval 1/2τe < τ < τe:

Æφð0, τÞφðτ, 2τÞæ ¼ 4
9
M2eff ½

Z τs

0

t0C0ðt0Þ dt0 þ
Z τ

τs

t0CIðt0Þ dt0

þ
Z τe

τ

ð2τ- t0ÞCIðt0Þ dt0þ
Z 2τ

τe

ð2τ- t0ÞCIIðt0Þ dt0� ð19Þ

All calculations are generally based upon the molecular-weight
dependent experimental values of ε, τR, and τd listed in Table 1 or
upon suitably interpolated values. The temperature dependence
of the monomeric friction coefficient ξ(T) for PB can be taken
from the literature,31 and then τe is obtained according to τe =
Ne

2τs and τs = ξ(T)b2/πkBT; see refs 16 and 17 for parameter
values and a discussion on the relation between τs and the R
relaxation time of glassy dynamics.
3.2. OACF As Obtained via Initial-Rise Analysis. With

analytical solutions for all relevant NMR signal functions at
hand, we first address the validity of our experimental approach
to determine C(t) by analyzing point-by-point normalized DQ
(nDQ) buildup data, InDQ = IDQ/IΣMQ, in the short-time
regime.16,17 It was already shown by Graf et al.14,15 that for short
τDQ the nDQ intensity is proportional to C(τDQ)

InDQ ðτDQ Þ � kτDQ
2CðτDQ Þ ð20Þ

By changing the temperature, which leads to known changes in
τe(T), master curves for C(t/τe)∼ InDQ(τDQ)/τDQ

2 can thus be

Figure 3. (a) Constructed correlation function for PB of 87 kDa
(solid line, see Figure 2) serving as input for the theoretical treatment,
and superposed analytical results for InDQ(τDQ)/(kτDQ

2) and
IDQ(τDQ)/(kτDQ

2) over a large range of nominal temperatures, con-
verting τDQ to t/τe by division through τe(T) (TTS). (b) Reconstruc-
tion of the given OACF by single-point measurements of InDQ(τDQ) for
different fixed τDQ = 10 and 500 μs at many different different
temperatures, scaled with a common prefactor kτDQ

2 and shifted along
the time axis using TTS.
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constructed by time-temperature superposition (TTS). While
the accessible time range is rather narrow, making it difficult to
confirm the validity of TTS by acquiring data with sufficient
overlap, we note that at a given temperature the scaling exponent
(slope of C(t) vs t in a log-log plot) can be determined with
acceptable accuracy at a given temperature from the initial rise of
InDQ(τDQ), confirming at least the qualitative features of C(t)
independent of TTS (see our previous paper17).
In previous work, the TTS-based analysis was restricted to

regime II dynamics with τDQ > τe, based on the notion that
relaxation effects due to faster segmental dynamics in regimes 0
and I, which are known to mainly affect IΣMQ (and thus also the
long-time decay of IDQ), are divided out by nDQ calculation.
This increases the validity range of the initial-rise approximation.
The sensitivity of IΣMQ mainly to fast dynamics was demon-
strated in ref 24 (see also Figure 4). The underlying assumptions
are also proven by the fact that InDQ is independent of tempera-
ture for elastomers at sufficiently high temperature, where C(t)
has a plateau due to the absence of terminal dynamics.18

We can now address the limitations of this approach, including
the question whether the segmental dynamics really has to be fast
on the τDQ time scale in order to validate the intensity normal-
ization and the use of eq 20. In Figure 3a we compare the given
experiment-based C(t) with adequately processed analytical
signal functions. Obviously, C(t) is indeed obtained as the exact
envelope provided by individual nDQ buildup curves (see also
Figure 7 of ref 17). We confirm that the intensity normalization
leads to an increased validity range of the fit, but we can also note
that it is not strictly necessary—also, the IDQ data provide a good
measure of C(t), of course over a shorter time range.

Even more interestingly, it is seen that it should be equally
possible to extend the advantageous time-domain probe of C(t)
via initial-rise analysis also to regimes 0 and I. Corresponding
experiments are in progress, but we stress that the need to access
rather short τDQ requires the use of a different MQ pulse
sequence, namely, a simple 2- or 3-pulse segment rather than
our commonly used multipulse sequence.18 The latter is limited
to τDQ longer than ∼60 μs, and its efficiency breaks down once
the apparent residual dipole-dipole couplings in the system,
proportional to [C(t ≈ τDQ)]

1/2, are too high.
The latter limitations are technical, related to the validity of the

averageHamiltonian given by eq 2, but corresponding arguments
can be made with respect to the general validity of the initial-rise
approximation, eq 20, which also breaks down at a certain
maximum τDQ. The validity range depends on the magnitude
of C(τDQ), and thus, probing C(t) at low temperatures, thus
short times t, requires the use of short τDQ. This is addressed in
Figure 3b for two different values of τDQ, the lower value of 10 μs
being only accessible with the simple 2- or 3-pulse MQ experi-
ment or, in fact, also the β echo.20 Evaluating InDQ only at fixed
single-time points was in fact one of the limitations of the earliest
approach by Graf et al.,14,15 who used a magic-angle spinning
sequence with a long cycle time fixed to two rotor periods.
Obviously, the longer the fixed τDQ, the earlier one observes
deviations from the expected C(t) upon decreasing the tempera-
ture. Fortunately, even at 500 μs evolution time, strong devia-
tions are only apparent around and below τe.
3.3. Prediction of Experimental Signal Functions. The

IΣMQ and in particular the IDQ signal functions measured for
PB as plotted in Figure 4 are rather sensitive to changes in

Figure 4. Experimental IDQ and IΣMQ data of PB at two different temperatures and for different molecular weights: 35, 87, 441, and 2000 kDa. The solid
lines represent analytical predictions, with parameters given in Table 1.M2eff = (9/20)Deff

2 was taken constant using the averageDeff/2π = 16 kHz. Note
that the overall intensity scale refers to unity as the full sample magnetization, and IΣMQ(0) represents the signal associated with chain-center segments
after subtraction of sample- and temperature-dependent signal tails related to isotropically mobile chain ends and loops.17
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temperature and molecular weight. The strong increase of the
intensity of the DQ signal with M is a clear signature of the
increased number of entanglements, while its temperature
dependence additionally reflects the chain dynamics in regimes
II-IV. We also confirm that in the higher M range IΣMQ is not
much dependent on M, indicating that this observable mainly
reflects dynamics in regimes 0 and I.
Using the parameters given in Table 1 and the τs,e(T) given in

ref 17, analytical predictions of this data require the determina-
tion of only one parameter, namely M2eff = (9/20)Deff

2. We
performed simultaneous fits to both data sets for a given sample
and temperature, obtaining values ranging around Deff/2π = 16
( 1 kHz (see also Table 1). In the investigate M range, we
observe a weak systematic trend of somewhat lower Deff toward
higher M, while a constant value would be expected.
The average result of Deff/2π = 16 ( 1 kHz for the effective

coupling constant may be compared to the considerably lower
intrasegmental reference value of 8.1 kHz from our previous
simulations.26 This trend is expected, asDeff should represent the
rigid system as reference state subject to R relaxation and all
slower modes (i.e., [C(t,τR)]

1/2), while our reference value
represents a Kuhn segment containing several monomers ex-
hibiting a certain degree of conformational dynamics (i.e.,
[C(t=τs)]

1/2).
On the other hand, the present result is somewhat smaller than

values of around 23 ( 5 kHz calculated from rigid-limit
intramolecular second moments for PB estimated for a variety
of structural models.32 Overall, it falls into a reasonable range,
considering the uncertainties discussed above in relation to the
exact form of C(t) in regime 0. These may further be aggravated
by a possible influence of faster β processes and general problems
related to the failure of time-temperature superposition for
temperatures close toTg.

33 The weak systematic decrease withM
could further be due to parameter interdependencies related to
the M-dependent shape of C(t) at longer times, where our
representation by a sequence of power laws is still to some
degree approximate.
In all, the analytical predictions shown in Figure 4 demonstrate

a very satisfactory agreement between the theoretical approach
and actual data for the rather wide sample and temperature range
covered. We note that using the individual best-fit Deff instead of
the global average provides visibly even better fits.
Finally in Figure 5, we present Hahn echo (T2) decay curves

for the two samples at the extremes of theM interval and for the
same temperatures as in Figure 4. Again, the agreement of the
data with the analytical predictions is very good in the expected
range covering the greater part of the intensity decay. We thus
conclude that the present approach for the calculation of
transverse relaxation phenomena, being based on the AW
approximation and a realistic, experiment-based and phenomen-
ologically realistic model function for the segmental orientation
fluctuations, represents a significant step forward over the many
alternative treatments published so far.
3.4. Relation to and Critical Discussion of Previous NMR

Work. For a good overview of NMR observables of polymer
dynamics, we refer the reader to a recent review of Kimmich and
Fatkullin,10 which has its emphasis on field-cycling T1 relaxo-
metry. Alternative interpretations of such results have recently
been proposed by R€ossler and co-workers,13,28-30 whose data
provided the short-time region of our composite C(t).
The MQ method has a rather long history, in particular as to

employing the special properties of the nDQ buildup function in

studying entangled melt dynamics. Cohen-Addad was the first to
establish a specific combination of Hahn and solid echo pulse
sequence elements to obtain a shift-compensated build-up func-
tion providing a measure of residual dipole-dipole
couplings.34,35 At this early point, the residual couplings in highly
entangled melts were assumed to be quasi-static. Spiess and co-
workers later pointed out that using Anderson-Weiss type
arguments for the analysis of similar experimental data, assuming
a single-exponential correlation function describing a decay of
the orientation correlations at longer times, can give a better
description of the data. This was assumed to reflect the effect of
finite entanglement lifetime, however, without establishing rela-
tions to the common time scales of chain motion.36 Later,
Kimmich and co-workers established the dipolar correlation
effect on the stimulated echo as a means to study slower chain
motions with better sensitivity37 but could only state that the
long-time correlation loss is best described by a power law with
an exponent of around -3/2. This result in fact agrees with the
tube-model prediction at around τd (see Figure 1b of ref 17).
BCS were the first to present the β echo20 as an experiment

providing a clean sine-sine buildup function corresponding to
eq 3 and to use it for the study of melt dynamics in the framework
of a closed-form Anderson-Weiss theory based on an OACF
inspired by the tube model.21,22 Their assumption was to neglect
fast regime 0, I dynamics, so their modeling started at the level of
the entanglement-induced chain order (C(teτe) = cst , 1),
assuming a fixed-1/4 power law for regime II and the same form
as discussed above for regimes III and IV. Their fits gave a fair

Figure 5. Experimental Hahn echo data of PB as a function of
temperature and molecular weight: (a) 2000 and (b) 35 kDa. Solid
lines represent the predictions without adjustable parameters, using the
same parameters and the same M2eff values as for the data in Figure 4.
Small contributions of slowly relaxing signal tails related to isotropically
mobile segments were again subtracted.
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agreement of the fitted terminal time to an M3 dependence, yet
good fits to data could only be reported for large molecular
weights exceeding 30 entangled units. Cohen-Addad later pre-
sented a refined analysis of his early experimental approach,38

deriving a quantity related to the terminal time, exhibiting aM3.3

power law dependence, in agreement with our findings, and
attributing the 0.3 deviation toM-dependent segmental friction.
In a more recent paper, Chernov and Krasnopol’skii combined

the analysis of different relaxation times (T1, T2, and T2eff from a
solid-echo type sequence), measured separately at low field, to
derive a schematic OACF that now also included the fast (regime
0, I) branch.39 They concluded satisfactory agreement of the
features of their OACF with the Doi-Edwards prediction in
regimes II-IV but also pointed out that their data are only
consistent with a regime I slope of about-0.8, being smaller than
the Rouse prediction (-1), as confirmed by the field-cycling data
of R€ossler.13 Our direct time-domain measure of C(t) based on
MQ NMR, first introduced by Spiess and co-workers14,15 but in
the earlier variant subject to some limitations discussed above
and in refs 16 and 17, finally confirmed important deviations
from the tube-model predictions with respect to the protracted
onset of actual reptation and a molecular-weight-dependent
regime II exponent ε.
With the current work, we have shown that the so-obtained

C(t), combined with Fourier-transformed field-cycling T1 data,
provides a consistent description of the actual chain dynamics
over about 10 decades in time and serves as a sound basis for an
Anderson-Weiss prediction of the signal functions that are in
good agreement with actual MQ and Hahn-echo data. Our
results immediately disprove a conclusion of Brereton,40 stating
that “The well-known second moment approximation is shown
to be seriously wrong when the time scale of the bond dynamics
is comparable or greater than the NMR time scale set by the
dipolar interactions.”
Brereton’s approach, consisting in a path-integral based “ex-

act” calculation of the dipolar dephasing (Hahn echo) function
Æcos φ(0,τ)æ for a scale-invariant Gaussian chain model,40-42 has
proven well-applicable in the unentangled (Rouse) limit.43,44 In
this regime, the underlying model appears indeed exact in a sense
that the chain motion reaches the isotropic limit on time scales
shorter than the actual Hahn echo decay, and in this region, the
relaxation function is single exponential. In the latter references,
good fits to actual data for well-entangled polymers could not be
reported, mainly due to the lack of sufficient short-time data
points (which are most meaningful) and the lack of a proper
model describing entangled dynamics. Analyzing a suitably
extracted global T2 parameter on the basis of a single-relaxation
time model describing terminal dynamics provided the expected
M3.5 dependence, yet the question remains why Brereton’s
model appears to encounter fundamental problems with well-
entangled chains or networks.
We have addressed this question for the example of permanent

elastomers,45 where C(t) has a long-time plateau (absence of any
slow processes) after an initial decay that we could show to be
also best described by a power law with an exponent in the range
between-1 and-0.6.24 At sufficiently high temperatures, when
the chain modes are in the fast limit, the normalized DQ buildup
is completely temperature-independent and only reflects residual
dipole-dipole couplings arising from the network constraint.18

While many elastomers exhibit a response that can be perfectly
fitted with a single apparent residual coupling based on a second-
moment function,18 Brereton’s model yields a function that is

equivalent to alternative calculations based a broad Gamma
distribution of couplings.42,45 This distribution ultimately arises
from a model-inherent assumption of a (quasi-)frozen end-to-
end vector distribution, including for instance chains that exhibit
very small end-to-end distances and are thus characterized by
very small residual couplings. While some defect-rich networks
do show such a response (corresponding to what is sometimes
called a “super-Lorentzian” line shape), it is not generic—
network constraints are generally rather homogeneous,45 possi-
bly due to locally balanced entropic forces46 and because loop
structures with close end points are likely to be topologically
constrained. The latter naturally holds for properly modeled
entanglement constraints, arising for instance from a tube theory.
The recently suggested extension of the Brereton theory to
MQ signal functions,47 being again based on a single-relaxation
time model, is thus unfortunately not expected to yield mean-
ingful results for real polymer chains.

IV. CONCLUSIONS

We have shown that based on our previously derived seg-
mental orientation correlation function for entangled polymers,
covering the regimes inspired by the Doi-Edwards tube model
including “glassy” short-time intrasegmental dynamics, it is possible
to derive analytical expressions forNMR time-domain signals on the
basis of the Anderson-Weiss approximation. These are demon-
strated to be in very good agreement with data fromHahn echo and
multiple-quantum experiments over a large temperature and mo-
lecular weight range, establishing for the first time a consistent
theoretical description of NMR data based on a generic description
of the chain dynamics covering more than 10 decades in time.

Future perspectives arising from our present theoretical con-
siderations include the application of our time-domain measure
of the correlation function at lower temperatures, thus directly
probing the dynamics in regime 0 and I. Further, we are currently
testing the evaluation of reliable fitting procedures, based on
simultaneous fits of different signal functions, that should yield
scaling exponents and characteristic times at a given temperature
without relying on time-temperature superposition. These
efforts will benefit from a better understanding and modeling
of the intrasegmental dynamics, where also chemically realistic
computer simulations will help. In addition, current theoretical
efforts are focused on a chain-based Rouse-type model for C(t),
implementing different approaches to take into account orienta-
tion correlations, such as fixed ends (describing elastomers),
homogeneously distributed slip- or slide-links, or a homoge-
neous confining potential, thus being able to implement and test
modern realizations of tube constraints.
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